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Molecular Dynamics Simulation of Dissociation Kinetics
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The vibrational energy distribution and the degree of dissociation within a system of hydrogen or oxygen
molecules were modeled using molecular dynamics. The � rst step in this process was to model the atomic and
molecularinteractions. Because hydrogenandoxygenform diatomicmolecules, vibrationis theonlyintramolecular
force that must be computed. The Morse potential (Morse, P. M., “Diatomic Molecules According to the Wave
Mechanics. II. Vibration Levels,” Physical Review, Vol. 34, July 1929, pp. 57–64) is used to perform this calculation.
Atomic interactions outside the molecule are modeled using the Lennard–Jones potential. The vibrational energy
level distributionof this modeldemonstratedexcellent agreementwith the Boltzmanndistribution.In thismolecular
dynamics simulation,dissociation occurs when the potential energy between two vibrating atoms exceeds a critical
value. Recombination is also possible between two previously dissociated atoms by the reverse mechanism. This
process enables a system to start in a state of molecules and proceed to an equilibrated state of atoms and molecules.
The molecular dynamics simulation accurately modeled both the rate of dissociation and the ratio of species at
equilibrium. This investigation demonstrated that simple chemical reactions in relatively large systems can be
modeled using molecular dynamics.

Nomenclature
a = acceleration vector
C f = reaction rate parameter
D = dissociation energy
E1 = Morse parameter5

f = intermolecular force
gl = degeneracy
H = Hamiltonian
h = Planck’s constant
k = Boltzmann constant
L = Lagrangian
m = atomic mass
N = number of molecules
N 0¤ = number of molecules in a particular energy level
n = reaction rate parameter
p = momentum
Qa

el = atomic electronic partition function
Qaa

el = molecular electronic partition function
q = generalized coordinates
r = internuclear separation
re = mean bond length
ri j = distance between atoms i and j
T = temperature
t = time
u = intermolecularpotential
V = intramolecularpotential
v = velocity vector
xe!e = � rst anharmonic correction
® = degree of dissociation
®¤ = equilibrium degree of dissociation
¯ = Morse parameter5

" = Lennard–Jones energy parameter
"v = vibrational energy
µd = characteristicdissociation temperature
µr = rotational characteristic temperature

Presented as Paper 2000-0213 at the AIAA 38th Aerospace Sciences
Meeting, Reno, NV, 10–13 January 2000; received 10 November 2000; re-
vision received 23 April 2001;accepted for publication24 April 2001.Copy-
right c° 2001 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

¤Graduate Research Assistant, Department of Aerospace Engineering.
Student Member AIAA.

†Professor, Department of Aerospace Engineering. Associate Fellow
AIAA.

µv = vibrational characteristic temperature
º = quantum energy level
½ = density
½d = characteristicdensity
¾ = Lennard–Jones size parameter
!e = spacing of vibrational energy levels

Introduction

M OLECULAR dynamics (MD) has recently been utilized to
simulate liquidoxygendroplet vaporizationin a supercritical

hydrogen environment.1 The advantages of using MD include the
elimination of the requirement to track phase boundaries (when
they exist), the need to include a priori a high-pressure equation
of state, and material and transport properties over a wide range
of temperaturesand pressures.The MD simulations clearly showed
the disappearanceof surface tension at the critical point and mixture
effects on the critical pressure and temperature. Results remained
the same as system sizes were varied by more than an order of
magnitude. MD simulations have also been used to calculate high-
pressureand temperature transportpropertiesand equationsof state
with excellent agreement to experimentallymeasured values.2;3

These previous studies only included translational and rotational
energy storage for the molecular species due to the relatively low
(<300 K) gaseous environment temperatures. To extend this work
to temperatures representative of liquid rocket combustion cham-
bers, vibrational energy storage and possible dissociation must be
included. Thus, the purpose of this study was to add vibrational en-
ergy storage and dissociation to the MD simulation of supercritical
oxygen and hydrogen.

MD
MD is the numerical simulation of atomic and molecular mo-

tions and forces in a system. When the trajectoriesof these particles
are observed,many thermodynamicand � uid mechanicalproperties
can be calculated. The main advantage of this technique is that its
accuracy is only dependent on the selection of an intermolecular
potential and the precision of the numerical integrator.No physical
properties need to be known nor assumptions made about the sim-
ulated medium. However, the disadvantage is that the size of the
molecular systems must be extremely small. This is due to the large
number of force calculations that must be made.

Modeling the atomic potentials is one of the most important
parts of an MD simulation. This particular investigation deals with
atoms that are free to vibrate within the molecules. Such a sys-
tem requiresboth intermolecularand intramolecularpotentials.The
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intramolecularpotential is utilized in computing the forces between
two atoms of the same molecule,whereas the intermolecularpoten-
tial is used to calculate forces betweenatoms of differentmolecules.

Intermolecular Potential

In MD the potential is taken to be pairwise additive. This means
that the total energy in the system is a sum of the isolated two-body
contributions. Three-body and higher terms are usually neglected
because of the vast increase in computational time and their rela-
tively small in� uenceon gaseoussystems.The most commonlyused
pairwise additive potential u for modeling intermolecular forces
between atoms separated by a distance ri j is the one proposed by
Lennard–Jones (see Ref. 4),

u.ri j / D 4"
£
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This potential produces a short-range atomic repulsion that sim-
ulates the overlapof electron clouds and a long-rangeattraction due
to induceddipoles.The only adjustableparametersare a size param-
eter ¾ and an energy parameter". Both of thesevaluesare a function
of the species being simulated. Because the intermolecular forces
are necessarilyconservative, the force resulting from the preceding
potential is
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Intramolecular Potential

The potential between two atoms of the same molecule differs
slightly from the intermolecular potential. To conform to spectro-
scopic experiments, the intramolecularpotential is required to have
a potential well at the mean bond length and approach the dissoci-
ation energy as the atoms become in� nitely separated. In addition,
like the Lennard–Jones potential, it must go to in� nity as the atoms
approach each other. One such model that conforms to these speci-
� cations is the Morse potential.5 This potential is given by

V .r/ D De¡2¯.r ¡ re/ ¡ 2De¡¯.r ¡ re/ C E1 (3)

where ¯ and E1 are constants computed from spectroscopic data.
From Ref. 5, ¯ and E1 for hydrogen are 1.85 and 7:55 £ 10¡19 J,
respectively,and 2.34 and 1:05 £ 10¡18 J, respectively, for oxygen.
Unlike Lennard–Jones, theMorse potential is basedon fourparame-
ters.The differencesbetweenthe two potentialscan be seen in Fig. 1.
Figure 1 shows that the depth of the Morse potential compared to
its long-rangepotential is far greater than that of Lennard–Jones. In
addition, the Morse potential permits smaller separation distances
between the atoms.

Fig. 1 Morse and Lennard–Jones potentials.

Finite Difference Method

Once thepotentialshavebeenestablished,theequationsofmotion
can be produced.One typical formof the equationsof motion in MD
is the Hamiltonian (see Ref. 6). The Hamiltonian is de� ned in terms
of the Lagrangian L and a set of generalized coordinates q

H .p; q/ D
X

k

Pqk pk ¡ L.q; Pq/ (4)

where p is given by
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and
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In terms of Cartesian coordinates, the equations of motion become

Pri D .pi=m i / (8)

Ppi D ¡ru D fi (9)

These equations of motion must now be integrated to obtain the
trajectoriesof the atoms. One of the most common � nite difference
methods is the velocity Verlet algorithm (see Ref. 7). This tech-
nique has the advantage of being third-order accurate even though
it contains no third-order derivatives. The velocity Verlet is a two-
step process. First, the position is advanced one time step and the
velocity is advanced half of a time step:

r.t C 1t/ D r.t/ C º.t/1t C .1t 2=2/a.t/ (10)

º[t C .1t=2/] D º.t/ C .1t=2/a.t/ (11)

At this point, the forces are computed and velocity is advanced
another half time step:

º.t C 1t/ D º[t C .1t=2/] C .1t=2/a.t C 1t/ (12)

This method offers simplicity and good stability for a relatively
large time step.The velocityVerlet algorithmalso has the advantage
that it is relatively easy to program and requires little computer
memory. These qualitiesare essentialwhen modeling largenumbers
of atoms.

Vibrational Energy Distribution
The � rst goal of this MD simulation was to model the vibrational

energy distribution within a system of oxygen molecules. Vibra-
tional energy is distributed in discrete energy levels according to
the Boltzmann distribution (see Ref. 8),

N
0¤

N
D

gle¡"º =kT

P
gl e¡"º =kT

(13)

where N
0¤=N is the fraction of molecules in a particular level. For

vibrational energy distribution, there is no degeneracy. This means
that there is only one state per level or gl is unity.

However, because vibrational energy increases in discrete incre-
ments, a relationship must be formed between the quantum energy
levels and the vibrational energy. This relationship is given by

"º D !e.º C 0:5/ ¡ xe!e.º C 0:5/2 ¡ 0:5!e C 0:25xe!e (14)

where xe!e is the � rst anharmonic correction.9

In contrast, the MD code outputs vibrational energy that must
then be converted to discrete quantum levels by solving Eq. (14)
for º. This operation is performed on every molecule at every time
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step. One further complication is that º must be an integer. Simply
truncatingº is the most ef� cientway to convertit from a realnumber
to an integer. Truncation ensures that the zero energy level bin is
equal in size to the other bins. The last step is to count the number
of molecules in each energy level. At this point, the results can be
compared to kinetic theory.

Reactions
The second part of this investigation focuses on modeling the

dissociation and recombination of a single molecular species, in
this case, either hydrogen or oxygen.

Kinetic Theory

According to kinetic theory, dissociation occurs when a second
body impacts a molecule at a suf� cient energy level. In the case of a
single-speciessystem,onlyone typeof atomis present,whichmeans
the second body can be either another molecule or another atom.
If the impact occurs with an energy greater than the dissociation
energy of the molecule, the molecule dissociates.

Similarly, recombinationis modeledas a three-bodyreaction.The
� rst two bodiesare atoms, and the third is anotheratom or molecule.
When the three bodies collide, energy is released as the two atoms
combine.This energy is then transferredto the thirdbody in the form
of translational motion. This type of reaction is less common than
dissociationbecause it involves the collisionof three bodies.Hence,
an equation can be formed to describe the degree of dissociation in
a system of diatomic molecules as a function of time8:
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In this equation, C f and n are experimentally determined rate pa-
rameters. In addition, a similar equation can be formed for the equi-
librium degree of dissociation:
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In this equation, 2d is the characteristic temperature of dissocia-
tion, 2r is the rotational characteristic temperature, and 2v is the
vibrational characteristic temperature.However, this is a very com-
plicated expression and can be simpli� ed by the Lighthill approxi-
mation (see Ref. 8). Lighthill found that the value of the bracketed
expression remained relatively constant and could be given by ½d ,
the characteristicdensity. This simpli� es Eq. (16) to the form

®¤2=.1 ¡ ®¤/ D [exp.¡2d =T /=½]½d (17)

MD

Unfortunately,it is not possible to apply this technique to an MD
simulation that uses atomic potentials because there are no discrete
collisions. The distance between atoms never actually goes to zero
because this would cause an in� nite repulsive potential. Also, due
to the high densities studied here, at any instant of time a particular
atom, whether combined in a moleculeor not, is experiencingforces
fromup to 20 neighboringatoms.Therefore,another techniquemust
be used to simulate dissociation and recombination reactions.

The method chosen for this MD code was curve hopping.10¡12

The molecules acquire or lose vibrational energy due to force inter-
actions with neighboring atoms and molecules. Dissociation takes
place when the potentialbetween two atoms of an oxygen molecule
exceeds some critical value. This is analogousto the vibrational en-
ergy of the molecule exceeding a critical value. The point at which
thisoccurs is relativelyambiguousbecauseit is dif� cult to de� ne ex-
plicitly the point on the Morse potential curve5 where the molecule
dissociates. Therefore, in this simulation, a molecule is said to dis-
sociate when the potential between the two atoms reaches 96% of
the dissociation energy. This value was chosen because it produced
suitable agreement with kinetic theory. However, the results were
only slightly affected by varying this ratio between 90 and 99%.

As dissociation occurs, the atoms jump from the Morse5 to the
Lennard–Jones potential, hence, curve hopping.

Recombination of atoms is performed in the opposite manner.
When the potentialbetween two dissociatedatoms decreasesbelow
0.5 kT, the atoms combine to form an oxygen molecule.11 When re-
combinationoccurs the potentialbetween the two atoms is switched
from the Lennard–Jones to the Morse potential.5

Both recombinationand dissociationrequirea changeof potential
surface for the two atoms involved in the process.When this switch
occurs, there is a jump in the potential energy of the constituent
atoms. To account for this, the atoms’ velocities are scaled to adjust
their kinetic energy to match the change in potential so that the
total energy of the system remains constant.10 Subsequently, as the
atoms move with their new velocities, they affect their neighbors.
In the case of recombination, the energy released by the creation of
an oxygen molecule is transferred to the surrounding atoms by this
process. Therefore, no third body is required for recombination to
occur.

MD Simulation
Two different types of codes are used in this MD simulation.The

� rst is a vibrationalenergydistributioncode thatonly models atomic
vibration and does not allow the molecules to dissociate. This pro-
gram is used to compute the Boltzmann distribution. The second
code is a reaction code that is very similar to the vibrational energy
distribution program. The only major difference is that the reaction
code allows dissociation and recombination. This is accomplished
by updating an array that speci� es which atoms are connected.The
reaction code is used to compute the degree and rate of dissociation
in the system. Both hydrogen and oxygen were simulated individu-
ally by the two codes.

In each case, the simulation begins with the entire system as
molecular species and arranged in a face-centeredcubic lattice with
the intermolecular spacing chosen to give the desired system den-
sity. A cubic environment is utilized, and periodic boundary condi-
tions are imposed.When computing the vibrationalenergy distribu-
tion, 256 molecules were used. However, only 108 molecules were
present in the single-species reaction simulation. This reduction in
atoms vastly increased the speed of the code that was necessary
because of the relatively long time period required for the system
to achieve equilibrium.All of these codes use a 1 femtosecond (fs)
time step for oxygenand a 0.2 fs time step for hydrogen.Such small
time steps are required to model accurately the high-frequencyvi-
brations of the atoms. Standard MD codes use time steps an order
of magnitude larger.

In addition, these programs employ a variety of techniques that
greatly increasetheperformanceof thecode.The � rst of thesemeth-
ods reduces the number of force calculations by limiting the range
of the Lennard–Jones potential. This technique is valid because the
intermolecular potential becomes very small at atomic separation
distances of only a few diameters. For this simulation, a cutoff ra-
dius of 2:5¾ was selected. There is a resulting jump in potential
energy as an atom crosses this radius, but it is usually very small.
In addition, because the force that atom 1 exerts on atom 2 is equal
to the force that atom 2 exerts on atom 1, only one force calculation
needs to be performed for both situations.

Four identicalversionsof the vibrationalenergy distributioncode
were submitted to four processorsof COCOA. The temperatureand
density of the systemswould be the same, but the initial velocitiesof
the atoms were chosen at random. This caused each case to produce
slightly different results that, when averaged, reduced � uctuations
in the vibrationalenergy distributioncurve. COCOA is a collection
of 25 dual processor Pentium®II computers linked together by fast
Ethernet.13 A 20,000 time step run would typically take about 2 h
to complete. In the case of the reacting gas, eight identical codes
were executedonCOCOA with varyinginitialconditions.In thecase
of hydrogen, 45 £ 106 time steps were used. This code would take
about 27 h to run. In the case of oxygen, 70 £ 106 time steps were
used, which took about 48 h to run. This means that the hydrogen
code ran at 1:67 £ 106 time steps per hour, whereas the oxygencode
ran at 1:45 £ 106 time steps per hour. The difference between the
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two codes was the number of linked list cells used. In the case of
hydrogen,the densityof the systemallowedninecellsperdimension
to be used, whereas the oxygen case only allowed eight cells per
dimension.This is a perfect example of the effect of linked list cells
on the performance of an MD code.

Results and Discussion
The � rst goalof this investigationwas to determinethe vibrational

energy distribution in a system of molecules. Simulations were run
at a variety of temperaturesusing either hydrogen or oxygen. In all
cases, 256 molecules were present, and the code was executed for
20,000 time steps. Because the distribution is averaged over time,
the more time stepsperformed,the smaller the statistical� uctuations
are.

Figure 2 shows the vibrationalenergy distributionof oxygen cal-
culated using MD compared to the Boltzmann distribution com-
puted for both harmonic and anharmonic interatomic potentials at
a temperature of 1942 K. It shows excellent agreement between the
MD code and the Boltzmann distribution.The plot is given in terms
of the normalized fraction of molecules relative to the zero vibra-
tional energy level. Because this MD simulation utilizes the Morse
potential,5 the computational points should lie on the anharmonic
distribution.The results show a small deviationfrom the theoretical
curve at higher energy levels, which could be improved by increas-
ing the numberof time stepsand increasingthe numberofmolecules
in the system.

Figure 3 shows the vibrational energy distribution of hydrogen
molecules calculated using MD compared to the Boltzmann dis-
tribution computed for both harmonic and anharmonic interatomic
potentials at a temperature of 3935 K. Excellent agreement can be
seen between the MD results and the Boltzmann distribution.How-
ever, the MD compares better with the harmonic Boltzmann distri-
bution than the anharmonicdistribution.This is unexpectedbecause
the Morse potential5 is an anharmonic potential. In addition, as in-
dicated by the high temperature at which this simulation was run,
hydrogen molecules require much greater energy to reach higher
energy levels. It is felt that the discrepancy between the calculated
hydrogenvibrationalenergy distributionand the anharmonicBoltz-
mann distribution is due to the small number of molecules (256)
used in the simulation, where a change in the energy level of one
molecule represents a change in the normalized fraction of 0.004.

The second part of this investigation examined the dissociation
and recombination reactions in a system of atomic and molecular
species. Because of the large number of time steps required, only
108 molecules were used with the system volume reduced accord-
ingly. In addition, only high-pressure and high-temperature cases
were examined to minimize the time required for the system to

Fig. 2 Vibrational energy distribution of oxygen molecules calculated
using MD compared to Boltzmann distribution for both harmonic and
anharmonic interatomic potentials, T = 1942 K.

Fig. 3 Vibrational energy distribution of hydrogen molecules calcu-
lated using MD compared to Boltzmann distribution for both harmonic
and anharmonic interatomic potentials, T = 3935 K.

Fig. 4 MD computation of the degree of dissociation of hydrogen at
pressure of 35 MPa and mean temperature of 5860 K compared to
equilibrium kinetic theory.

achieve equilibrium. An initial number of molecules, volume, and
temperature are speci� ed. The volume and number of atoms are
kept constant, and the temperature is allowed to vary as the sim-
ulation proceeds. Pressure is then calculated from the perfect gas
law using the calculated temperature and composition (degree of
dissociation). Different pressures are simulated by using different
simulation volumes. Figure 4 shows the MD simulation of the de-
gree of dissociationof hydrogenat a pressureof 35 MPa and a mean
temperature of 5860 K compared to kinetic theory.

In the Fig. 4 plot, the thick line represents the MD data, whereas
the thin line represents kinetic theory. As can be seen from the plot,
the MD simulationbegins with no dissociation.The system reaches
equilibrium quickly and is then compared to equilibrium kinetic
theory. The kinetic theory � uctuates based on � uctuations in tem-
perature.The Lennard–Jones parameters chosen for this simulation
were ¾ D 2:7 £ 10¡10 m and " D 4:0 £ 10¡22 J. This plot demon-
strates good agreement between MD simulation and kinetic theory.
Simulations were also conducted at the same density but at two
higher temperatures, 6000 and 6180 K, with the same agreement
with kinetic theory.

Figure 5 shows the temperature � uctuations that occur during
the simulation. The Fig. 5 plot clearly shows the initial rise in
temperature that occurs when the molecules are dissociating. This
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Fig. 5 Temperature � uctuationduring the simulationof hydrogendis-
sociation at 35 MPa and 5860 K.

Fig. 6 Energy drop during simulation of hydrogen dissociation at
35 MPa and 5860 K.

temperature rise is caused by the breakingof chemical bonds.When
a bondbreaks,thechemicalpotentialenergyof thebond is converted
to kinetic energy in the form of increased atomic motion. This, nat-
urally, increases the temperature of the system. Also note the high-
frequency � uctuations in temperature that occur when the system
reaches equilibrium.The temperaturecan vary by up to 200 K. This
temperature � uctuation is caused by the large number of molecules
that are dissociating and recombining.

Figure 6 shows the energy drop that occurs during the simula-
tion. The drop in energy takes place over a relatively long span
of 45 £ 106 time steps. In this period, the energy drops by roughly
0.75%. This small percentagedrop is not a signi� cant loss in energy
for an MD simulationextendingover that many time steps4 and does
not adverselyaffect the system. However, this loss of energy cannot
be remedied because of the nature of the dissociation code. When
a molecule dissociates, the energy released is transferred into the
resulting atoms. This increase in kinetic energy causes the atoms to
increase dramatically their velocity. Frequently, the velocity of the
atoms exceeds the maximum value allowed by the time step. The
result is a loss of total energy in the system. This problem could be
solved by decreasingthe time step, but that would cause the code to
run slower.

In addition to the hydrogen simulations, MD simulations of the
dissociation of oxygen were performed. Similar to the hydrogen
simulations, three cases were run at various temperatures and con-
stant density. Furthermore, because oxygen is one of the main com-
ponents of the atmosphere, its dissociation has been more closely

examined by experimentersand dissociationrate data can be found
in the literature. Therefore, the MD code cannot only be compared
to the theoretical equilibrium degree of dissociation, but also to the
kinetic theory rate equation.The Lennard–Jones parameters chosen
for this run were ¾ D 3:0 £ 10¡10 m and " D 9:0 £ 10¡22 J. Figure 7
shows the MD results compared to the equilibrium degree of dis-
sociation of oxygen at 46 MPa and a mean temperature of 6110 K.
Again, there is excellent agreement between the MD results and
kinetic theory. Just as in the hydrogen runs, there is an initial tem-
perature rise as dissociationoccurs. However, the system of oxygen
takes longer to reach equilibrium due to the larger particle masses.
Simulations were also conductedat 5690 and 6240 K with the same
good agreement with kinetic theory.

According to kinetic theory, Eq. (15), the rate of dissociation is
based on two parameters C f and n. Note that n is very dif� cult to
measure experimentally due to the limitations of the test apparatus,
principallyshocktubes.14 Therefore,most experimentalistsarbitrar-
ily chosen to be ¡1:5 for oxygenand experimentallydetermineC f .
In addition, C f can vary up to 50%. Therefore, the experimentally
determined C f was used (Ref. 15), 1:97 £ 1021 cm3mole¡1s¡1K1:6,
and n was chosen to be ¡1:6, which gave the best match to the MD
results. However, there is very little difference between this value
and the one arbitrarily selected for experiments. Figure 8 shows
the MD results compared to the kinetic theory rate equation for the
same conditionsas Fig. 7. It can be seen that the rate of dissociation
calculated via MD for this dilute gas case compares very well with
that predicted by kinetic theory.

Fig. 7 MD computation of degree of dissociation of oxygen at 46 MPa
and mean temperature of 6110 K compared to equilibrium kinetic
theory.

Fig. 8 MD computation of degree of dissociation of oxygen at 46 MPa
and mean temperature of 6110 K compared to theoretical rate of disso-
ciation.
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Conclusions
The vibrational energy distribution and dissociation/recom-

bination reactions of hydrogen and oxygen were examined by MD
simulations. Results of the vibrational energy distribution studies
showed excellent agreement with the Boltzmann distribution.Both
the rate of dissociation and the equilibrium degree of dissociation
also comparedwell to kinetic theory. This investigationhas demon-
strated that simple chemical reactions can be modeled by MD.

However, this project is only the � rst step in modeling chemical
reactions by the curve hopping method of MD. The simulations
performed in this investigationonly containeda few hundredatoms.
Future simulations should be considerably larger. This could be
accomplishedwithout diminishedperformanceby parallelizationof
the code. In addition,water, which was not modeled in this program,
shouldbe includedin futuresimulations.Whenwater is included,the
hydrogen/oxygen combustion process can be completely modeled
by MD.
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